Abstract. A challenging difficulty in solving the radial Dirac eigenvalue problem numerically is the presence of spurious (unphysical) eigenvalues among the correct ones that are neither related to mathematical interpretations nor to physical explanations. Many attempts have been made and several numerical methods have been applied to solve the problem using finite element method (FEM), finite difference method (FDM), or other numerical schemes. Unfortunately most of these attempts failed to overcome the difficulty. As a FEM approach, this work can be regarded as a first promising scheme to solve the spuriousity problem completely. Our approach is based on an appropriate choice of trial and test functional spaces. We develop a Streamline Upwind Petrov-Galerkin method (SUPG) to the equation and derive an explicit stability parameter.
Introduction.
Studying the properties of electrons in atoms is governed by the Dirac equation which gives a complete picture of the electron behavior by means of specifying its energies (eigenvalues) in orbitals around the nucleus. Up to date, computing the eigenvalues of an electron in the many-electron system (in some methods) is based on determining the corresponding eigenvalues in a single-electron system (Hydrogen-like ions), where the eigencouples are used as a basis to approximate the electron energies in the entire system. Unfortunately, computing the eigenvalues of the electron in the Hydrogen-like ions by numerical methods is upset by the presence of spurious solutions (eigenvalues do not match what is physically observed). The spurious solutions annoy the computations, they disturb the solution in a way it becomes no longer reliable. At the time, one can identify the spurious eigenvalues, but there is no efficient method to just remove them from the entire spectrum without affecting the genuine values.
The presence of spurious values in the spectrum of the radial Dirac equation and other problems has been addressed in most of numerical computations. In [15] , the occurrence of the spurious roots has been related to incorrect balancing of large and small components spaces H f and H g , and has been restricted to the positive quantum number κ. In solving Dirac equation by a mapped Fourier grid [1] , spurious values have been detected for κ ≥ 1, where the causality is recounted to the symmetric treatment of the large and small components. For eigenvalue problems in general [21] , the occurrence of spectrum pollution has been related to the absence of suitable constraints in the mathematical formulations or discretization, which results in mismatching of desired physical properties of the problem. Shabaev and Tupitsyn et al. [17, 19] have also allied the presence of spectrum pollution to the symmetric discretization of the small and large components of the wave function. They have pointed out that using the same finite space for both components is the essence of the problem. They have proposed an alternative method to handle the difficulty by an addition of suitable terms to the basis functions known as a basis correction. Also they have explained the property of energy coincidence for the positive and the corresponding negative values of κ.
The spuriousity of the eigenvalues computation using spectral Tau method has been studied in [6] . Also the causality of the spurious solution in the electromagnetic problems in general can be found in [13] . To the Dirac eigenvalue problem, we refer respectively to [20] and [8, 17] for finite difference and B-splines approximations. For a brief Finite Element derivation for the Dirac operator see e.g [14] .
In the present work, we provide a finite element scheme for solving the radial Coulomb-Dirac operator that provides a complete treatment of the spurious eigenvalues. This scheme may be considered as the first stable finite element approach for the numerical approximation of the Dirac eigenvalue problem. To proceed, we relate the occurrence of spuriousity to the function spaces in the implemented numerical method. What ever the method is, finite element method (FEM), finite difference method (FDM), the spectral domain approach (SDA), the boundary element method (BEM), or the point matching method (PMM), the spuriousity persists. Hence, it is priorly understood as not an effect of the numerical method applied, but to a mismatching of some physical properties of the eigenstates in the computations. The present work interprets the existence of spurious values and their remedy by means of the following two steps:
(1) The choice of suitable trial functional space that meets the physical property of the wave functions in the implemented numerical methods and its role of spuriousity elimination. ( 2) The choice of weighted test functional space, this treats what remains of spurious values in one hand, and solves the coincidence of energies for positive and corresponding negative κ in the other.
In other words, we classify the spurious solution of Dirac eigenvalue problem into two categories. The first is those that appear within the spectrum for all values of κ. We call this type the instilled spurious values. It is worth to mention that this type of spuriousity appears not only for positive κ, but for negative κ as well. Instilled spurious values affect the true values or may degenerate with them which results in some perturbed eigenfunctions. However, this will be discussed in detail in the coming section, where, by means of choosing an appropriate space of discretization, part of the instilled spurious values is treated. The second category can be understood as the coincidence of the first eigenvalue of the radial operator with positive κ to that with the corresponding negative κ. We call this type of spuriousity the unphysical coincidence phenomenon: The eigenvalues with positive κ have been shown in the finite dimensional spaces to be a repetition for those with the corresponding negative κ [19] , which is not the case in the usual (infinite) space of the wave functions. In an attempt to overcome the difficulty, the last (main) section is devoted to set a scheme that removes the spuriousity for both categories. For a brief sketch of the scheme, consider the radial Coulomb-Dirac equation
2 ), where j and l are the total and the orbital angular momentum numbers respectively, and D x is the derivative with respect to x in R. The Coulomb potential, V (x), is given by −Z x , where Z ∈ [1 , 137] is the electric charge number. The unknown f and g are the large and small components of the eigenfunction ϕ with corresponding eigenvalue λ.
The presence of convection terms in the off diagonal and the absence of diffusion terms cause numerical instability while computing the eigenvalues λ. Indeed, in the standard Galerkin finite element solution of the equation one encounters spurious eigenvalues. In order to remove the spuriousity, we derive a stable finite element scheme based on appropriate choice of functional spaces of the Dirac spinors. By rewriting the explicit equations of f and g and applying suitable boundary conditions, the original space of the Dirac wave functions is
, where C 1 is the space of continuous functions which possess continuous first derivatives, Ω is some open bounded domain, and H 1 0 (Ω) = {v : v and v ′ are elements of L 2 (Ω), and v| ∂Ω = 0} (for all values of κ except ±1, where for κ = ±1 the lower boundary condition of v ′ should differ from zero, but for generality and for sake of simplicity it is assumed to vanish, see Remark 1 below). Thus, by this definition, H 0 (Ω) is the space of continuous functions, v, which admit continuous first derivatives that are vanishing smoothly on the boundaries.
Consider the weak form of the equation above of finding {λ,
Where v is a test function, and the superscript t is the usual matrix transpose. Cubic Hermitian (CH) interpolation functions turn out to be a suitable choice which sufficiently fulfill the requirements of H 0 (Ω). Let V H h be the finite dimensional subspace of H 0 (Ω) on the partition k h spanned by the piecewise CH basis functions. Choosing v ∈ (V H h ) 2 as (v, 0) t and (0, v) t , where v is an element of V H h , and assuming f , g ∈ V H h , remove partially the first category of spuriousity (only for very small Z) and do not help in solving the coincidence phenomenon.
A complete treatment is achieved by letting the test function to live in another space different from that of the trial function, mainly by assuming v to be (v, τ v ′ ) t and (τ v ′ , v) t (where v ′ means D x v) respectively in the variational form above. The scheme is accomplished by deriving the stability parameter τ , which turns out to have the form τ :
The derivation is based on two leading simplifications; to consider the limit operator in the vicinity of x at infinity (i.e to consider the most numerically unstable part of the operator) and c-correspondence dominant parts of the system. From the weak form with the modified test function, and after applying the above simplifications we obtain an approximation λ(τ ) of the accumulation eigenvalue. Knowing that the limit point eigenvalue is mc 2 , we like to minimize the error |λ(τ ) − mc 2 |, which gives the desired formula of τ j .
As a numerical method implemented in this work, the finite element method (FEM) is applied, with the usual continuous Galerkin method in the first section and a Petrov-Galerkin method in the second section. For the integrals evaluation, four-point Gaussian quadrature rule is applied.
The paper is arranged as follows; In the first part we discuss the first category of the spurious values and how to remove them partially via choosing suitable trial functional space. A comparison is performed between the incorrect and the correct functional spaces through numerical examples. In the second, we discuss the completion of the treatment. Basically we impose the weighted test function to live in a space different from that of the trial function. This is the well-known Streamline Upwind Petrov-Galerkin (SUPG) method [2, 7, 10] . Finally a stability parameter is derived to achieve the desired goal.
Trial functional space
Recall the radial Dirac equation
where, then, the two-equation system is
We first solve this system by usual continuous linear basis functions (hat functions). Since x ranges over [0 , ∞), x = 0 represents a singularity for the Coulomb potential and hence careful treatment is needed, i.e one can consider extended nucleus in the entire domain or just assume point nucleus on a cut-off domain. However, computationally, almost the same technique is used for both cases. For simplicity we will treat point nucleus model in all computations except in the last table where we extend the computations to extended nucleus.
Divide the domain Ω = [a , b] into n + 1 subintervals with n interior points distributed exponentially, and assume k h : a = x 0 < x 1 < x 2 < · · · < x n+1 = b the resultant partition of Ω with mesh size h i = x i − x i−1 .
The exponential distribution of the nodal points is crucial for solving the radial Dirac equation in order to get more nodal points near the singularity (x = 0). This is because the wave function oscillates much more near the nucleus which means more information is needed about its behavior near that region, whereas the fine grid is not required in a position away from the nucleus.
The choice of the computational space V is important and plays the most influential role in the core of the problem. To see that, let us first take the space of only continuous functions as the functional space V. We will show, by means of numerical examples, how this space results in the occurrence of spurious values. The presence of spuriousity is due to the fact that the only continuous functional space lacks to a certain constraint in the mathematical formulation, i.e it fails to have an identified property which being exist for the original wave function.
For a fast and simple algorithm, continuous linear basis functions are considered. So let V = V l be the subspace of continuous linear polynomials (the superscript l denotes for the linear case), and let V l h ⊂ V l be the finite subspace consists of piecewise continuous linear polynomials on k h spanned by the usual linear functions. We assume that both trial and weighted test functions belong to this space. For f (x) and g(x) in V l h we write
where ζ j and ξ j are the unknown values of the functions f and g at the nodal point x j respectively, and φ j is the basis function. Since the eigenfunction decays in the vicinity of x at infinity and also considered to be zero at x = 0, the Dirichlet conditions are assumed to treat the boundaries. The problem is now read as solving (2) and (3) such that f = 0 and g = 0 at x = a , b (i.e ζ 0 = ζ n+1 = ξ 0 = ξ n+1 = 0). The usual finite element method of the problem is to assume f and g as above in (2) and (3), then multiply by a test function and integrate over the domain Ω (6)
where w ± (x) = ±mc 2 + V (x), and u , v = Ω u v dx is the usual L 2 (Ω) inner product. The basis function φ j (x) has its support in [x j−1 , x j ] =: I j and [x j , x j+1 ] = I j+1 and defined as
Let v = φ i be an element of the same space V l h in (6) and (7), this leads to the symmetric generalized eigenvalue problem
Here A and B are both symmetric block matrices defined by
where M q rst are n × n matrices defined as
The vector X is the unknown defined as (ζ , ξ) t , where
. Clearly the diagonal matrices of A are symmetric and the off diagonal matrices consist of two parts, one is symmetric and exists in both sides, and the other, (M 010 ) t = −M 010 , is antisymmetric and exists in both off diagonal sides with different sign, this explains the symmetry of the block matrix A. For the block matrix B the symmetry is obvious.
In Table 1 the first six computed eigenvalues for the Hydrogen atom (Z = 1) are listed for |κ| = 1, these eigenvalues are obtained using n = 100 interior nodal points. The exact solution for κ = −1 is shown in the right column of the table. Even with mesh refinement the spuriousity is still present, see Table 2 with n = 400. Table 2 . The first six computed eigenvalues for the electron in the Hydrogen atom using linear basis functions with 400 nodal points. In the tables above, the shaded left corner value is what meant by the unphysical coincidence phenomenon, and the values in the fourth row are the so-called instilled spuriousity. The spurious values appear for both positive and negative values of quantum number κ, and they persist despite of mesh refinement. Generally this kind of spurious solution can be identified among the right spectrum, but there is no way to just exclude them as a hope of treatment, since they have already affected or degenerated the true values.
As we mentioned before, the occurrence of spuriousity is related to the implementation of the numerical method, where the numerical scheme we assumed is the FEM with the proposed space V l . Therefore, either of them holds the responsibility of causing the spectrum pollution. At this end, it is worthy to mention that other methods like finite difference method (FDM), the method of moments (MoM) [15, 16] and others, reported the occurrence of spuriousity in many computations for the Dirac operator or else. So we conclude that the problem of spuriousity is almost caused by the finite element spaces employed in the discretization, and hence the causality of spuriousity is V l -problem and never FEM-problem.
We return to (2) and (3), rewrite both equations to obtain explicit formulae for f and g
and
Equations (12) and (13) can be written in simpler forms as
Where
The terms f ′′ and g ′′ in (14) and (15) propose further constraint on both components of the wave function. By these equations f and g are imposed to be twice differentiable. This means that f and g should be continuous with continuous first derivatives, hence the proposed original domain is C 1 (Ω) ∩ H 1 0 (Ω). Instead of regarding V l as the space of variation, a space of continuous functions with continuous first derivative is considered to discretize both components of the wave function. At this end, one can think about a suitable space which meets the properties of f and g; Lagrange interpolation functions are not suitable in this situation, since their first derivatives do not match the continuity property. So we consider instead a type of Hermitian functions (known as a generalization of the Lagrange functions) which are continuous and admit continuous first derivative.
The boundary conditions need special concern, they play a crucial role of choosing the space of discretization; Since the wave functions are assumed to vanish at the boundaries and by the smooth property of these functions, the way they move toward the boundaries should be in damping manner, i.e with vanishing velocity, this implies zero derivative boundary conditions should be considered as well (except the case when κ = ±1 at the lower boundary, see Remark 1 below). Physically this is clearly reasonable, since the electron is neither expected to be close to the nucleus nor escaping to infinity.
Cubic Hermite (CH) interpolation functions turn out to be sufficient to fulfill the requirements. Such functions are third-degree piecewise polynomials consisting of two control points and two control tangent points for the interpolation. That means there is a control for both the function values and the derivatives at each nodal point x i .
To study CH functions, let us first introduce the following spaces
Remark 1.
(i) For the states 1s 1/2 and 2p 1/2 (κ = −1 and 1 respectively), the boundary conditions for the derivative of the components of the wave function are partially different, specifically at the lower boundary. I.e if ∂Ω up and ∂Ω lo denote respectively the upper and the lower boundaries, then v ′ | ∂Ω up = 0 and v ′ | ∂Ω lo = 0. This is due to the fact that the corresponding wave function do not vanish in a damping way near the origin, see [20] for more details. Thus, for κ = ±1, the same functional space H 0 (Ω) is considered but with small modification on the functions derivative at the lower boundary. Here we will keep the same notation H 0 (Ω) for the space for all κ's, but when we mean the cases κ = ±1 the right derivative condition at ∂Ω lo should be considered. (ii) For the sake of simplicity and as a matter of comparison, in the following computations of the energies of the electron in the Hydrogen atom, we do not use the right lower boundary conditions for κ = ±1 as stated above. Instead we just assume zero for the derivative of the components of the wave function at ∂Ω lo , where the result might be slightly changed but does not affect the essence of the comparison. Also, without loss of generality, from now on we will assume v ′ | ∂Ω = 0 for all κ.
Let V H h be the finite dimensional subspace of H 0 on the partition k h spanned by CH basis functions. To summarize, V H h possesses the following properties: (i) It is a set of continuous piecewise CH polynomials.
(ii) ∀v ∈ V H h , v ′ exists and piecewise continuous. given below. To approximate a function u h ∈ V H h , where the same partition k h of the same distribution is considered as before, u h can be written as
ξ j and ξ ′ j are the unknown value of the function and its corresponding derivative at the nodal points x j respectively, and φ j,1 and φ j,2 are the basis functions of the space V H h having the following properties
It follows from the conditions above that φ j,1 interpolates the function values whereas φ j,2 is responsible of the function derivatives at the nodal point x j . For non-uniform mesh, φ j,1 and φ j,2 are given by the following formulae (see also Figure 1 below, where the two basis functions are depicted for uniform and nonuniform meshes)
The approximation error using CH basis functions in the subinterval I j is given by (19) |u
To construct FEM for the radial Dirac equation using CH basis functions, we as usual multiply (2) and (3) by test function v ∈ H 0 (Ω) and integrate over Ω. To discretize the system we assume f and g are elements of V H h , thus they can be written as
where ζ j and ζ ′ j are the nodal value and the nodal derivative of f respectively at x j , and ξ j and ξ ′ j are the corresponding ones associated to g. This yields
Let v(x) be an element of V H h , and consider (22) and (23) The vector X is the unknown given by X = (ζ, ζ ′ , ξ, ξ ′ ), and the general block matrices MM q rst are defined as
, where
Tables 3 and 4 contain the first six computed eigenvalues of the radial Dirac operator for the Hydrogen atom, with n = 100 and 400 interior nodal points using CH basis functions. The computation is run for κ = −1, 1, and the right column represents the exact solution for κ = −1. Table 3 . The first six computed eigenvalues for the electron in the Hydrogen atom using CH basis functions with 100 nodal points. It is noted, from the tables above, that some instilled spurious values are removed (the values that were present between level 3 and level 4). Also the speed of convergence to the exact eigenvalues is enhanced as the number of nodal points is increased. Unfortunately, part of the instilled spuriousity is still present for most values of Z, also the coincidence remains unsolved.
The unphysical coincidence phenomenon assigns almost the same energies for The occurrence of this phenomenon is deeply studied for both nonrelativistic and relativistic cases; In [18] , the coincidence of energies is proved for the same values of κ that differ in sign via studying the commutation of Dirac operator with Biedenharn-Johnson-Lippmann (BJL) operator in the relativistic case. Also in the nonrelativistic case, the energy dependence on the quantum number ̺ = n + |κ| is proved, which implies the energy independence of the sign of κ. The coincidence of the energies in the finite space is also studied in [19] , where the spuriousity in general is interpreted as an effect of the same treatment of both components of the wave functions.
As it is known that the exact solution of the Dirac operator with Coulomb potential for point nucleus results in different lowest bound energies for different values of κ. In this work, as it is pointed before, we relate the problem of energies coincidence to the numerical implementation. Roughly speaking not to the method of approximation, but to the proposed spaces of discretization.
In the last computations we imposed the test functions to live in the same space as well the trial functions, that is the usual Galerkin method. As we have seen, this results in a solution not cleaned from spurious values. However, it is well-known that the Galerkin method when it is applied to convection dominant problem, the solution will be upset by perturbations, which is getting worse with the increase in the convection size.
Nevertheless, it is assumed non uniform mesh (exponentially distributed nodal points) to match desirable requirements of high resolution near the nucleus, where the wave functions oscillate rapidly compared to their oscillations in a region away from it. This means that for each nodal point x j there are two adjacent systems of what are called fine-mesh grid with much larger coarse mesh. Hence when the wave function crosses the interface between these two regions, its phase is altered to fit the unbalanced change in the displacement size. One can understand the concept by regarding the variant mesh as different media to the generating waves, where most of those waves are not resolvable in two different meshes at the same time. We refer to [5] and [11, 12] for more details.
Also, from numerical algebra point of view, one considers the linear system given by (24) and posteriorly notes that the sign of κ that appears as a factor of the block matrix MM 001 does not contribute in determining the eigenvalues, which is entirely incorrect from physical point of view. So what is needed is to let the sign of κ play a role in eigenvalues definition. This can be achieved by clever and justified addition of terms that includes κ without deforming the original equations. These motivations suggest to use an alternative method to Galerkin formulation that does not demonstrate instability at the time treats the phenomenon of coincidence.
Streamline Upwind Petrov-Galerkin (SUPG) method is used to solve the problem, which consistently introduces additional stability terms in the upwind direction, these terms are based on the residual quantities for the governing equations and on the modification of the weighted test functional space. The latter is understood as adapting the test function v from being (v, 0) and (0, v) to be (v, τ v ′ ) and (τ v ′ , v) respectively, so it is a type of residual corrections added to the original equations. Tau ,τ , is called the stability parameter which we are investigating, where its derivation is the main part of the upcoming section.
Weighted Functional Space
To stabilize FEM approximation applied to the Dirac operator, modified SUPG is used to formulate the problem. This consists in adding suitable stability terms to the standard Galerkin method. The SUPG method is designed to maintain the consistency, so that the solution of the original problem is still a solution of the variational equations.
The idea behind SUPG is to introduce a diffusion term (u ′ , v ′ ) which eliminates the instability and enhances the approximation without modifying the problem. Several approaches can be implemented to create such term. To mention, we can just artificially add (au ′ , v ′ ), where a is a constant that controls the diffusivity size, this method is first order accurate at most. Or the artificial diffusion term can be added in the direction of the streamlines to avoid excess diffusivity [3, 4] , even though this method introduces less crosswind diffusivity than the first mentioned, but it is still inconsistent modification. The methods mentioned above result in a modified problem differs from the original by the addition of the terms which alter the structure of the problem and force the exact solution to be no longer satisfying the variational equations.
To formulate the method, consider the radial Dirac equation
t and
which is equivalent to
Define the residual functional of each equation as
.
The previously derived Galerkin discretization with CH basis functions reads
where v is (v, 0) t and (0, v) t , and
So far with Galerkin approximation the components of v as well as f and g are elements of V H h . SUPG is formulated based on modifying the test function v to a form that includes v ′ as a correction term to introduce the required diffusivity. Hence we assume v ∈ V H h as well f and g, but v / ∈ (V H h ) 2 is just continuous function. I.e, let v be (v, τ v ′ ) t and (τ v ′ , v) t in (32), where τ is the stability parameter to be studied soon. This leads to
Each of the discretizations above, using the new weighted test functions, is the usual Galerkin formulation with additional perturbation terms consist of the weak variational form of the residual of the opposite equation with basis function τ v ′ . This keeps f and g, the exact solution, satisfying the weak formulation without modifying the problem. In matrix notations, the system AX = λBX is obtained as before, but A and B are slightly perturbed by additional matrices factored by τ
The unknown vector X and the generalized block matrices MM q rst are as defined before. It is notable from the system above that the resultant block matrices A and B are not symmetric any more, in this situation complex eigenvalues may will begin to appear, which of course what we should avoid in the computations. To be more precise, the appearance of complex eigenvalues depends on the size of τ , where they do appear for large size. For small size of τ one can consider the above system as the usual system that corresponds to the Galerkin approximation (which is symmetric) with an addition of small perturbation of size τ , which still admits real eigenvalues. Now, the main task is to determine the stability parameter τ that completes the scheme of removing the spuriousity for both categories and improves the convergence. The derivation τ assumes non full dependence on the exact solution of the complete operator for point nucleus, instead limit operator is assumed. Parallel with considering the dominant terms relative to the speed of light. Before proceeding into details, we will give some lemmas without complete proofs, where the proofs in some cases are simple.
The following lemma provides the approximated values of the radial function f and g at the nodal point x j , where backward and forward derivative approximations are implemented, hence the error is O(h). Lemma 1. For the Dirac spinors f and g, let ζ j−1 , ζ j+1 , ξ j−1 , and ξ j+1 be the f 's and g's nodal values at x j−1 and x j+1 respectively, then the following holds
Proof . Consider the two-equation system of the radial Dirac equation
Assuming the above system for arbitrary x j ∈ k h , and using the backward and the forward difference approximations for the derivatives
), one gets the desired results.
For the computed matrices MM 000 , MM 100 , MM 010 , and MM 110 in the block systems (36) and (37), the exact element integrals are obtained by the following lemma. For the remaining matrices one can calculate the exact element integrals, but it is rather hard to get them simplified. Therefore, we just point out in Remark 3 notations for the desired values without writing the explicit expressions.
Lemma 2. The following table is the exact element integrals for some matrices in the generalized system. Table 5 . The exact element integrals for some matrices in the generalized system.
hj+1 Proof . The proof is straight forward by evaluating the integrals.
The following lemma provides the behavior of the eigenvalues in the vicinity of x at infinity.
Lemma 3.
Define the operator
Then for the radial Coulomb-Dirac equation
the only accumulation point of the eigenvalues λ is mc 2 .
Proof. See [9] .
We now give the proof of the main theorem. Proof . Consider the weak formulations (34) and (35), rewrite both of them as the following matrix-system
To get τ locally, that is τ j , for each subelement of the mesh, we consider the above equations for arbitrary j cell. Employing Remark 2 and Remark 3 together with Lemma 2 we end up with
Using Lemma 1 (to substitute the nodal values ζ j−1 , ζ j+1 , ξ j−1 , and ξ j+1 ), the equations above are written as
Equations (51) and (52) can be written as
Since ζ j and ξ j are not identically zero for all j, then
Since c 2 is the accumulation eigenvalue (Lemma 3, with m = 1) we will only consider the positive part of λ above named as λ 1 . Now we would like to have |λ 1 − c 2 | = 0
4900 h 2 j+1 , keeping in mind the c limit at infinity, the above formulation gives
The desired result is then obtained straight forward after substituting the value of ∇ j as defined before, and this ends the proof.
The derived τ provides complete cleaning of spectrum pollution for both categories. Also it is notable that the expression of τ treats the difficulty of the wave transferring between any two adjacent unbalanced mesh steps. The size of τ is proportional to the mesh size, i.e since we are dealing with exponentially distributed nodal points, τ has small size near the singularity x = 0 due to the small mesh size, where it takes relatively large values in the region away from the origin which is dominated by coarse mesh. Tables 7, 8 , and 9 show the first computed energies for the electron in the Hydrogen-like Magnesium ion for both point and extended nucleus with κ = |2|. Table 7 shows the computed eigenvalues using the usual Galerkin formulation with linear basis functions. The number of interior nodal points used is 400. Table 8 shows the same computations using the stability scheme. Table 9 represents the computed energies for extended nucleus using uniformly distributed charge with interior nodal points 397, where 16 nodal points are considered in the domain [0 , R] (R is the radius of the nucleus). To study the convergence property of the derived scheme, we compare the approximated eigenvalues of the electron in the Hydrogen-like Magnesium ion for point nucleus using the usual FEM as in Table 7 , to those values obtained by the stability scheme as in Table 8 . Ignoring the presence of the spurious values, one notes that the relative error in the approximation of the first 12 genuine eigenvalues using FEM is nearly 10 −4 . Whereas the relative error for the same group of eigenvalues using the stability scheme is not exceeding 3 * 10 −8 . Thus, the speed of convergence is also enhanced.
In Table 10 , we provide the approximated eigenvalues for the electron in the Hydrogen-like Uranium ion using the stability scheme. The computations are obtained for different values of the quantum number κ for extended nucleus. The number of nodal points used is 203 (13 out of them are used to discretize the segment [0 , R]).
Conclusion.
Our computations indicate that the SUPG scheme applied to solve the radial Dirac eigenvalue problem is stable in the sense of complete elimination of spectrum pollution. This approach is mainly compiled of two strategies; the first is the suitable choice of the trial functional space. The second is based on varying the test function to live in another space different from that for the trial function, this strongly depends on the derived stability parameter τ . The derived τ is a considerable achievement where its formula is rather easy to implement, and it yields full treatment of the spuriousity for both categories. 
